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Abstract
In this paper we propose new method for proving of existence of global solutions for 3D Navier-
Stokes equations. This complies an application to the Clay Institute Millennium Prize Navier Stokes
Problem. The proposed method can be applied for investigation of global solutions for other classes
of PDEs.
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1 Introduction
In this article we investigate the following Navier-Stokes Equations (1.1)
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uy+ v, + w, =0 in (0,00) x R3

u(leIYJZ)z uO (x;yxz); v(olx’ylz) = 170 (x’y’Z)
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where p,u,v,w : [0,00) xR3 =R are unknown, uy,v, wy EC*(R3) are
given functions.

This is a system of partial differential equations that governs the flow of a
viscous incompressible fluid. p is the density, u the velocity vector, P the
pressure. The first three equations of (1.1) are Cauchy’s momentum equations
where the first term is the accelerating time varying term, the second and third
are the convective and the hydrostatic terms respectively. The physical
example of the convective term can be described as a river that is converging,
the case where the term is increasing and the river diverging the case where
the term is decreasing. The hydrostatic term describe flow from high pressure
to low pressure. The forth term is the viscosity term with the coefficient v the
kinematical viscosity. This term is said to describe the ability of the fluid to
induce motion of neighboring particles. On the right hand side we have the
external forces density term. This term can include: gravity, magneto-
hydrodynamic force, and so on. The fourth equation of (1.1) is the nullification
of the divergence due to incompressibility condition. Turbulent fluid motions
are believed to be well modeled by the Navier-Stokes equations. But, due to
the complexity of the equations most of our understanding relies on
laboratory experiments. This is the main reason why it is necessary to know
basic features of the equations like existence and smoothness of the equations’
solutions. In the case of the 3D version of the NS equations the existence
problem is an unsolved issue([1]).

We recall that global existence of weak solutions of the Naiver-Stokes
equations is known to hold in every space dimension. Uniqueness of weak
solutions and global existence of strong solutions is known in dimension two
[4]. In dimension three, global existence of strong solutions of the
NavierStokes equations in thin three-dimensional domains began with the
papers [5] and [6], where is used the methods in [2] and [3].

In this paper we propose new method for investigation of equations (1.1). The
proposed method gives existence of classical solutions for the problem
(1.1).

Without loss of generality we assume that p =v = 1. For a

set Asuchthat A ¢ R or A ¢ R? or c R3® , with p(A)
we will denote it measure.

Let R® = U%;_; D;, where Djbe bounded subsets of R*
satisfying the following conditions

1.D;nDj=@ fori#j,ij €{1,2,..},
2. D; and Dy,4, j €{1,2,..}, are adjoining,



3. if (x1, 1, 21) €ED; for somej € {1,2,...},is fixed and

Djxl = {(y,Z) € RZ : (xlerZ) € D] },
Djy, ={(xz) ER*: (x,y1,2) € D; },
Dj21 = {(X’y) € RZ : (X;y, Zl) € D] },
D: ={ZER!(X1,)71,Z)ED]-},

JX1¥1
Djyx,z, ={y €R: (x1,y -, 711) €D; },
D ={x€R:(x,y1,21) €ED;},

j¥121

We have

W(Djx,) < u(Dy),

P-(Djyl) < H(Dj);

W(Djz,) < u(Dy),

W(Djx,y,) < 1(Dy),

H(Djxlzl) < H(Dj)i

W(Djy,z,) < (D), €{1,2,..}.

For everyj €{1,2,..} we denote with D;; a compact subset of D; such that Dj; # D;.
for aset B c R3and a function f: R® > R with f|z we denote the restriction of f to B.

Our main result is as follows

Theorem 1.1. Let uo,vo,wo €C®(R3) be such that
Uolp;, Volp, Wolp,EC™(D),
suppuy|p;, Suppvolp, suppwolp, < Dj € {1,2,..},

and

al 4 a2 5 a3 -k
|6x dy 0, uy (xy,2) | < Caya,azK(1 +/x2 +y2 +22)

4 a a -k
|6x 1ay 0, vy(%,Y,2) | < Caya,azK(1 +/x2 +y2 +22)

4 a a -k
0,70,7°0, " wo(x,y,2)| < CayarasK(1+x% +y2+22) ,(1.2)

on R3, for any a1, a2, a3 € No and positive constant K.
Then the problem (1.1) has a solution (u,v,w,p) € (C*([0,00) xR3))*such that

Jeslu(t, x,y, )P dxdydz < C; [,|lv(t,x,y,2)[?dxdydz< C;
JeslWw(t, x,y,2)1?dxdydz< C; [.lp(t,x,y,2)|?dxdydz<

for some positive constant C1.



Remark 1.2 If uy, # 0,v, # 0,w, # 0, then we obtain a nontrivial solution of the
system (1.1).

2 Preliminaries
Definition 2.1 let (X, d)be a metric space and M be a subset of X. The

mapping T:M + X is said to be expansive if there axists a constant h > 1

such that

d(Tx,ty) > hd(x,y)

for any x,y € M.

Theorem 2.2 ([7], Theorem 2.4). Let X be a nonempty closed convex subset
of a Banach space E. Suppose that T and S map X into E such that
1. S is continuous and S(X) resides in a compact subset of E.

2. T:X+—E is expansive.

3.X)c (I =T)(E)and[x = Tx + Sy,
y € X]—ox € X(orS(X) c (I—T)(X)).

then there exist a point x* € X such that
Sx* +Tx* =x*
Theorem 2.3. Let X be a nonempty closed convex subset of a Banach space
E and Y is a nonempty compact subset of E such that Xc Y , Y # X.
Suppose that T and S map X into E such that
1. S is continuous and S(X) resides in Y.
2. T : XmEis linear, continuous and expansive, and T : X »Y is
onto, and {x -z : xe X;z € S(X)} cY.
Then there exists an x_2 X such that

Sx*+Tx* =x*

Proof. Since Y is compact and S(X) resides in Y, we have that the first
condition of Theorem 2.2 holds. Because T: X —E is expansive, we have



that the second condition of Theorem 2.2 holds. Note that T~ : Y »E
exists, it is linear and contractive with a constant [ € (0,1). Let z € S(X)
be arbitrarily chosen and fixed. Set

A={y—z:y€eY}
Take y, € Y arbitrarily. Define the sequence {y,} . as follows.

ynsi=T 1y, —z, n € NuU{0}.

Then
y2 = yall= IT 7"y = Tyl
< Uly: — yolls
llys = y2ll = IT Yy, = T y4l|
< Uy, — nlls
< Plys = yoll-

Using the principle of the mathematical induction, we get

yner — Yull ST ||y — Yoll,n € N
Now, fromm >n, m,n € N, we find

||ym_ yn”S ||ym_ ym—l” +... +||yn+1 - :Vn”
SI™ M+ )y = Yol

< YTV Iy = voll

ln
=11 [ly1 — Yoll-

Therefore {y,} . is @ Gauchy sequence of elements of Yc E. Since E
is a Banach space, it follows that the sequence {y,} . is convergentto an
element y* € E. Because {y,} .y <Y and Y c E is compact, we have that

y* € EY. Thus
y* — T—ly* —z

Or
z*=Tz " +z, z2=T ly*eX
Because z € S(X) was arbitrarily chosen, we conclude that S(X) c (I -
T) (X), i.e., the third condition of Theorem 2.2 holds. Hence Theorem 2.2,
it follows that there exists an x* € X such that

Tx* + Sx* = x".

This completes the proof.



3  Proof of the Main Result

From the fourth equation of the system (1.1), we get

u(ux+vy+wz) =0, v(ux+vw+wz)=0, w(ux+vy+wz)=0.

Then the system (1.1) we can rewrite in the form

(ur + uu, + vu, + wu, +u(ux + v, +WZ)+ Dz

= Uxxy — Uyy — Uz =
Ve + Uuv + v, + Wy, + v(ux + v, + WZ)+ Pz

= Uxx = Vyy = VUzz =
Wy + uwy, + vw, + ww, +W(ux + vy +WZ)+ Pz — Wxx — Wy — Wy =
3

uy+ v, + w, =0 in (0,00) x R3

u(O,x,y,Z)= uO (x’)/lz)’ U(O’x’ylz) = 170 (x,y,Z)
w(0,x,v,2) = w, (x,y,2) in R3,

\

whereupon

((Us + (uz)x + (uv)y + (UW); + Py — Uxx

— Uyy — Uy, = 0

v+ (uv)y + (vz)y + (VW) + Py — Vex — Vyy — Vg = 0

we + (uw), + (UW)y + (WZ)Z T Pz = Wex — Wyy — Wy, = 0
]

uy+ v, + w, =0 in (0,0) x R3

u(0,%,y,2) = uy (x,y,2), v(0,%y,2) = v, (x,y,2) (3.1)
W(ler)/lz) = Wy (erJZ) in R3'

.

Remark 3.1. We note that using the fourth equation of (3.1) we can obtain
the system (1.1).

Step 1. Letj € {1,2,...} be arbitrarily chosen. Firstly, we consider the

Problem

(ur+ Uy + (W), + (UW), + Py — Uy

— Uy — Uy, = 0
v+ (uv), + (Uz)y + (vw), + Py — Uxx — Vyy — VUzz =
we + (uw)y + (vw), + W), + Pz — Wiy — Wyy — Wy = 0 (3.2)
) U+ v,+ w,=0 in (0,1] x D,

u(0,x,y,z) = uy(0,x,y,2), v(0,x,y,z) = v, (0,x,y,2z),
w(0,x,¥,2) = wy (0,x,y,z) in D.
\



We will prove that the problem (3.2) has a solution (u,v,w,p) such that u,v,w,p €
C* ([0.11, G (D))).
Let (X0, Yo, Zo) € D; be arbitrarily chosen.

For u,v,w,p € C* ([0,1], Co%(D))), we define

1j X X1 rY V1 Z 21
Pavwn = [ [ wcasn
Xo “Xo YYovYo YZo “Zo

— up(a, B,v)) dydz,dfdy,;dadx,

+f0t fxo fyjfyjf% fzo (w3(s, a, B,7)) dydz,dBdy,dads

fyf f u(s,a,B,y)v(s,a,B,v)) dydz,dpdadx, ds

Xo “YYo “Zo YZo

[,
+J: : fx yy fyylfz u(s,a,B,y)w(s,a,B,y)) dydpdy,dadx,ds

t X Y (V1 (Z 21
+ f f J p(s,a,B,y)dydz,dBdy,dads
0 Z Z

0 0 0

y
t rY V1 rZ rZ1
—ff jf u(s,x,B,v) dydz,dBdy,ds
0 Z

Z1
j u(s,a,y,y)dydz,dadx,ds
Z

0

t rX X1 Y Y1
- J- j f j u(s,a, B, z) dpdy, dadx,ds
Z,

0 “xo “x9 0 Y20

1j X X1 rY V1 Z 21
Wavwn=[ [ | eeapn
Xo “Xo YYovYo YZo “Zo

— vo(a,B,y)) dydz,dpdy,dadx,

X (Y (V1 Z (21
J- j j j J u(s,apB,v)visap,y)dydz,dfdy,dads
X zo Y2zg
y
f f f v2(s,a,B,y) dydz,dfdy,dadx,ds
Yo YZo YZo

[,
+J: xfx ’ fyylfz v(s,a,B,v)w(s,a,pB,v)) dydBdy,dadx;ds

0

= )
=
= )
N
A
s <

Z rZq
f f p(s,a,B,y) dydz,dBdadx,ds
Z Z

0 0 0



t rY V1 rZ Z1
— f J- j j f v(s,x, B,y) dydz,dBdy,ds
0 Yyo Y¥o “zo Yz

0 0

t rX X1 rZ 23
- .]- J- ,[ f .[ U(S’ aQ,y, ]/) d}/dzldadxlds
0 “Yxo Yxo Z Zo

0

1i X X1 Y V1 2 21
13] (u, v,w, p) = .]- j J- f f J- (W(t, a;ﬁr]/)
Xo “Xo “Yo“Yo “Zo “Zo

WO(a: ﬂ: }‘)) d} dzldﬁd}ld} dxl
t
f
0

X Y ry1 Z rZp
f f f f f u(s,ap,y)w(s ap,y)dydz,dfdy,dads
X VA A
t
)

0 YYo Yo
-];)

t rX X1 (Y V1 (2
+ f j f p(s,a,B,v) dydfdy,dadx,ds
0 Jxo Yx Yo

0 Yo YZo

U ry V1 (2 21
- f J- j j f w(s,x,B,y) dydz,dfdy,ds
0 Yyo "yo Y2zo Yz

0 0

t rx X1 rZ (rZ3
- f f f f _f w(s,a,y,y) dydz;dadx,ds
0 Yxo “xo0 Yzo ¥z

0 0

. U rX Y V1 2 (21
Ii] (u,v,w,p)=f f j j f J- u(s,a,B,y) dydz,dfdy,dads
0

Xo “Yo YYo YZo “Zo

t rX X1 V1 2 21
+f J- j f f f v (s,a,B,y)dydz,dBdadx,ds
0 Xo YXo Yo zo Yz

t
+Jy S22 [ w(s @ By)) dydBdy dadxyds,

Note that the operators IkV corresponds to kth equation of the problem (3.2),
k €{1,2,3,4}.

y

X X1 zZ Z1
J- j f J-.[ v(s,a,B,y)w(s,a,pB,y)) dydz,dBdadx,ds
Xo YXo YYo YZo YZo

|

—+

o

—+

t X X1 pY V1 rZ
J- j J- J wi(s,a,B,y) dydBdy,dadx,ds
Xo “Xo “Yo “Yo “Zo

o

o

Lemma 3.2. Every solution (u, v,w,p) € (C1([0,1],Co*(D;))) *of the system
hY(u,vw,p) =0



RY(u,vw,p) =0
(3.3)
I3Y(u,v,w,p) =0

14Y(u,v,w,p) =0
is a solution of the problem (3.2).
Proof. Consider the equation
hY(uvwp) =0 for  (txyz) €[0,1] x D;

We differentiate it with respect to t and we get

X rX1 Y Y1 2 21
Osz ff ff u; (t,a,B,v) dydz,dpdy,dadx,
Xo“X0 “Yo“YYo “YZo “Zo
x
I
Xo

+ fxf fyfzfzu(t, a,B,y)v(t,a, B,y)dydz,dBdadx;,

Xo “Xo “YYovZo “Zo

* f x j y f ) f Zlu(tl a, B, V) w(t,a,B,y) dydpdy dadx,

Xo “Xo “YYo “Yo “Zo

X Y (V1 (Z
f j | j p(t, 0, B,7) dydzdfdy, da
Yo Yo YZo“YZo
x Z rZq
—f f f f u(t,a,y,y) dydz;dadx;
Xo “Xo “Zo“Zo

— o L1 L u(t @ B,2) dBdyy dadxy, (6xy,2) € [0,1] x D;

V1 z
f f f u?(t,a, B,y) dydz,dBdy, da
zZ

Yo “Yo “Zo “Zo

—+

‘<o

Y1 rz 1
-] f u(t, x, B,7) dydz; dBdy,
Yo YZoYZo

Yo

We differentiate the last equality with respect to x and we obtain

X1 Y )1 Z rzp
0= f f f f f u; (t,a,B,v) dydz,dpdy,da
Xo “YYo Yo YZo YZo

Y rV1 rZ 1
+ff ff u?(t,x, B,y) dydz,dBdy,

Yo VYo YZoYZo

+ijyj j u(t,a,B,7) v(t, a,B,y) dydz,dpda

Xo “Yo YZo YZo



X rY V1 rZ
+ f f u(t,a,B,y)w(t, a B,v)dydBdy,da
X

0“Yo “Yo “Zo

Y V1 rZ rZ1
+ f f p(t,x, B,y) dydz,dpdy,
Yo “Yo “YZo“Zo

Y rV1 rZ rzp
- f (%, B,7) dydz;dBdy,
Z Z

Yo “Yo 0“Zo

X Z Zq
— f f u(t,a,y,y) dydzda
X0 Z A

0
= 2 12 [0 u(t,a,B,2) dBdy, da, (txyz) € [01] x Dy

Again we differentiate with respect to x and we get

Y ryi Z rZy
0 = -]- J- J- f ut (t, xlﬂl )/) dydzldlgdyl
Yo YYo YZo Y290

_|_j:) J:)lfszl( u? (t,x,B,v)), dydz,dBdy,

Zo YZo

v ’ [ ’ [ "t 0 B,7) v(t %, By) dydzydp

Yo YZo YZo

Y rV1 rZ
w7 wexprywee s gy dvdpy,
Yo “Yo “Zo
Y ry1
0]
Yo “Yo vZ

Y rV1 rZ rzp
_ f f f U (£, %, B,7) dydzydBdyy
Yo Zg YZg

Yo 0

Z rZq
f pe(6,%, B,v) dydz,dBdy,

0“Zo

= 212 ultxy,v) dydz, = [0 [ ultx, B,2) ddy,, (txp.7) € [01] x Dy

Now we differentiate twice the last equation with respect to y and we find

Z rZq Z 2z
0 = -]- J- ut (t, X, y: V) ddel +-]- j ( uz (t, X, yr y))x dydzl
Zy YZo Zp “Zo
Z rZq
+ f f (u(t x,y,v)v(t, x,y,7))y dydz,
Zg Y Zy
z Z rZ1
+ f u(t,x,y,y)w(t,x,y,y)dy + j j Px(t,x,y,7) dydz,

Zy Zo Y Zo

10



Z rZq
- f f uyy(t, x,y,y)dydz; — u(t,x,y,z)
Zg Y Zy

— I} 17 uee(6,%,3,7) dydz, (6xy,2) € [0,1] x D;
We differentiate twice with respect to z the last equation and we get

0 =th(t,X,y,Z) + (uz(t,x,y,z))x+ (U(t,X,y,Z)V(t,X,y,Z))y

+(U(t,X,y,Z)W(t,X,y,Z))z + px(t,X,y,Z)
-ux(txy,z) — uy(txy z) - uzz(txyz), (txyz) € [0,1] x D;

i.e.,, we get the first equation of the system (3.2).

As in above, after we differentiate with respect to t and differentiate twice
with respect to x, y and z the equations

RY(u,vw,p) =0, Y (uv,wp) =0, 4Y(uv,wp) =0

we get the second, third and fourth equation of (3.2), respectively.
After we put t=0 in 1Y = 0, we obtain

X rX1 Y Y1 Z rzp
o= [ [T [ | s wepy)drizdapandads,
Xo “Xo YYovYYo YZo “Zo

which we differentiate twice in x, y and z and we find

u(0,xy,z) = uo(xy,z) in D;.
After we put t=0 in I2¥ = 0 and differentiate twice in x, y and z the equation
[2Y =0, we obtain

v(0,x),2) = vo(xy,2) in D;.
After we put t=0 in I3V = 0 and differentiate twice in x, y and z the

equation I3Y =0, we obtain
w(0,xy,z) = wo(x,y,2) in D;.
This completes the proof.

The proof of the existence result is based on theorem 2.2 .

~1
Let X be the set of all equicontinuous families of functions of the space
{g€ C*([0,1], Co* (D)) : SUupP(xy2) 9 < Djj}

11



with respect to the norm

[1f]| = max {max¢e [01] xy.2eD; |f(tX),2) |,

maxte[0,1],(xy,2)eD; |[ft(6X),2) |,

maxte(0,1],(xy2en | fu(£,X,y,2) |, maxte(0,1],(xy.2)eD; | fux (£, X,),2) |,
maxre[0,1],(xy.2en | (tXy,2)), maxte[0,1],(xy.2eb; [y (txy,2)|,
maxce[0,1],(xy,2)eD; | f2(£,X),2) |, maxe[0,1],(xy,2)eD; | fzz(t,xy,2) |},
=1 =1 ~ =1 . ~ . ~1
and X =X U {ug, vy, wp},X1= X ,ie, X1isthecompletionof X ,and

1
x!={f €xuIfIl < Myj:=——)
21,/u(Dj)

Here u (Dj) is the measure of the set D;. Let also,
N1j:=maxmaxp ; [uglmaxp volmaxp, 1wol}

We take € >0 so that

€ (3ME + 6M;; + Ny;) (W(D;)* < My;.

We set
Yi={f ex:|IfIl < (A +e) My}

By the construction of X and Y 1, We have that X1is a compact subset of Y land
Y1 is a compact subset of C1((0,1], Co*(Dj)).

For u,v,w,p € Y 1we define the operators

5111' (u,v,w,p) =-€Eu +€ Illj, Tllj (wv,w,p) =1+ e)u,

Szlj (u,v,w,p) =-€Ev +€ Izlj, Tzlj (wvwp)=(1+¢€)v,

S31j (u,v,w,p) =-Ew +€ 131j, T31j (wvw,p) =1+ e)w,
Sij (u,v,w,p) = -Ep +€ Ilj, T41j (wvw,p)=(1+€)p,

i 1j 1j 1j 1j 1 1j 1j 1j 1j
sU =(s,sy, s, sP), =y, Y, T, T,

12



For u,v,w,p € X1 we have that

1j
||11] (u'v;W;p)”
2
< (Ml + [ld]™ + (el el + Hull-Hwll + eIl +

+ {lull + el + Ny (D)) °
S(3M12]- + 5SMy; + Nyj ) (n(D; ))2-
Therefore, using our choice of €
153711 < €llull +€(3MZ; + 5My; + Ny;) ((D; )’
< €My +€(3M%+ 5My; + Ny;) (u(D;))?

< (1+€) My ;.

As in above we have

y
1S3 || < €llv]| +€ (3MZ; + 5M;; + Ny;) (u(D;))>
< € My;+ € (3Mf; + 5My; + N;; ) uD;

< (1+€) My;.

1S3 1| < €llwl] + (e 3ME + 5My; + Ny;) (n(D;))?
< €M, ;+(e3MZ + 5My; + Ny;) (W(D;))?

1S4 | < €llpll +3eMy; (W(D; ))*

Therefore, for (u,v,w,p) € X! we have that
SV (wvwp) € Y, i=1,234.
Then
SY XY x X1 x XTx X' 5 ¥l x Yk Yix Y?
and it is continuous.

The operator

13



TYU : X1 x X' x X1 xX' 5 Y1 x Ylx yix Y?

is an expansive operator with constant 1+ € > 1 and if (y,v,w,p) €
YixY1xY1x Y1 then

1 1 1
1 1 1 1

(1+eu'1+ev’1+e 1+Ep)€X XXX XX X,
and

1j 1 1 1 1] 1 1 1
(T (1+e 1+ev’1+eW1+e ) (1+e 1+ev’1+eW’1+ep)

1 1 1 1 1 1 1

(= v,—w,—p), T,) (= v, —w,—/—p))

1+€ "1+ € 1+ € 1+ € 1+E "1+ € 1+ € 1+ €

= (u,v,w,p).
Consequently TU: X1 xX1 xX1xX1 - Y1xY1xY1xY1lis onto.

From here and from Theorem 2.3, it follows that the operator TV +SU has a
fixed point (u1,vi,wi,p1) in X1 xX1 xX1 xX1. For it we have

1j 1j

le(u1;v1 wy, )+ 51](u1'v1 Wi, D)= Uy
1j 1j

sz(u1'v1 wy, p1) + 521(u1:771 Wi, p1) = vy
1j 1j
ng(u1'v1 wy, p1) + S3J(u1,v1 Wi, D)= Wy

1j 1j
T4](u1, vy Wy, pp) t 54](u1, vV Wi, P1) = Dg

or
A+ ui—ew + 17 (uy, v; wy, p1) = w
(1+E)v1—€v1+121j(u1, vy Wi, p1) = V1
(1+ E)W1—Ew1+131j(u1, vy Wi, p1) = wi
(1+€)pi—€pi+ 1’ (uy, v, wy, py) = p1
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Solution

D1

D2 D3

Disjointed sets of R3

Figure 1: A sketch of the division of R3to disjointed subsets D1,D2,D3 etc, that
illustrates how the proof of existence steps are done.

Whereupon
111](“'1'171 wi, pp) =0, 121](141’771 wi,p1)=0
I;](u1'v1 wy, p) =0, Ii](uw vy Wy, p) =0

Hence and Lemma 3.2 we obtain that (u1,vi,wi,p1) is a solution of the system
(3.2) for which uz,vi,wi,p1 € C1([0,1], Co*(D))).

Remark 3.3. If we assume that

Uy (x,2) = ug (x,,2),
171 (X,y,Z) = vO (X,y,Z),
1241 (X,y,Z) =Wy (X,y,Z), te [011]' (X,y,Z) € Dj

then using Ilij (uq, v wy,p) (t,xy,2) =0,t€[0,1], (xy,2) € D;

[ =1,2,3we get

X rY Y1 rZ 71
t f f f f f ( Uy (a' ﬁr )/))2 d)/dzldﬁdyldadxl
Xo “YoYYo YZo YZo
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f o (a, B.7) o (@, B,7)) dydz, dpdadsx,

0

I,
J-x ,[xl ' fylj; 1 Uy (a, B,v) wo (@, B,y) dydBdy dadx,

o Yo YYo 0

+
~

+
0
s
s 2
ST

=

Z rZq
f f p1 (o, B,y) dydz,dfdy,dads
zZ Z

0 0 0

Y ry1 Z rZq
t f f uo (6, 8,7) dydz,dBdyy
Z

0 YZ

o

R =

=] =
=

< )
<

Y1
f wo (@ B,2) ddy; dadx,
Yo

0

—t f;:) f;l fzj fZZOl uy (@, y,y) dydz, dadx, = o,t € [0,1], (x,y,z) € D;

(3.4)

X Y r)1 Z rZy
tf f f uy (a, B,v) vy (a, B,v) dydzdBdy,dadx,
X Yo

Yo YZo “Zo

f (vo (@ B,1))? dydzdpdady,

0

+
~

I
fx jxl yfylfz vo (a, B, V) wo (@, B,7)) dydBdy,dadx,

o Yo YYo 0

f f p.(s,a,B,y)dydz,dBdadx;ds
Z Z

0 0 0

Y ry1 Z rZq
¢ f f f vy (6, B,y) dydz;dBdy,
VA Z

y
X1 Y ry1

f f f vy (@, B,z) dBdy; dadx,
Yo “Yo

—t f;:) f;:)l fzj fZZOl vy (a,y,y) dydz, dadx, = 0,t€[0,1], (xy,z) € D; G5)

X (Y (V1 (Z 07
tj f J- f ug (a, B,v) wy (a, B,v) dydz,dBdy,dadx;
X Z, Z,

0 “YoYYo 0 0
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+tj;xj: jyyf J; wy (a,B,7) vy (a, B,v) dydz,dBdadx,

0

0

X1 ry Y1 1
j f f (wo (a, B,7))? dydBdy,dadx,
Xo “YYo “Yo Z

X

Y Y1 rz1
[ i .ar dyaapayidadias
Z

0 0'];/0 Yo 0

wy (x, B,y) dydz,dfdy,

X (X1 Y (W (3.6)
— tf f f wy (@, B,z) dBdy; dadx,
X0 “X0 “Yo “Yo
X X1 0¥V V1
— tJ- j f wy (@, y,2) dydz, dadx; =0t € [0,1],(x,y,2) € Dj,
Xo“Xo “Yo “Yo
X (Y (V1 Z (%1
| [ [ wo sy avazapay,aa
Xo “Yo “Yo “YZo “Zo
x y
+t f f f uy (o, B,v) dydBdy,dadx,
Xo “Xo “Yo “Zo
L L D0 L e @By dydzdfdadzy = 0.t € 03], Gy € D,
If the initial functions u,, vy, Wy and p, do not satisfy (3.4),(3.5),(3.6), (3.7), then
(uo, vo, Wwo) #(uy, v1, wy)on[o,1] x Dj
Step 2. Now we consider the problem
(U + W)+ (Wv)y + (UW), + Py — Uy — Uyy — Uy, = 0
vy + (uv), + (vz)y + (vw), + Py — Uxx — Vyy — VUzz = 0
Wi + (uw)x + (vw)y + (Wz)z + Pz — Wxx — Wyy — Wy = 0 (3-8)

) u,+ v, + w,=0 in (1,2] x D,

u(l,x,y,2) = u, (1,x,y,2), v(Lx,y,z)= v, (1,x,y,2),
W(Lx:y;z)z Wy (1rxrylz) in D]
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We will prove that the problem (3.8) has a solution (u,v,w,p) such that
uv,w,p € C*([1,2], Co*(D)) -
Let (xo,y0,20) € Djbe arbitrarily chosen.

For (w,v,w,p) € (C*([1,2],Co*(D)))) * we define

2j X X1 rY V1 Z 21
Favwn = [ [ | wacasn
Xo “Xo YYovYo YZo “Zo

— w(1,a,B,v)) dydz,dBdy dadx;

t Y v
" f f f _f f z(s’ @, :8' )/) d)/dzldﬁdyldads
1 Jxo “Yo “Yo YZo YZo

flt fxf fyf f u(s,a,B,y)v(s,a,B,v)) dydz dfdy,dadx,ds

l

[T L[ [ s iinasinas
-]

-]
-]

+

x®

—+

j ” fy: f: L U@ I (s, By dydfdy dadzds

O

—+

<

t Y1 rZ rZ1
J- j j u(s,x,B,v) dydz,dBdy,ds
Yo “Yo vZ

0 “Zo

t X Z
J- j f j u(s,a,y,y)dydz,dadx,ds
Xo X0 Zy

Z9
tf
X

[

[

x

Y )1
f f f u(s,a,B,z) dpdy, dadx,ds
Z

0 “Xo 0 “Zo

[=Y

122j (w,v,w,p) =

w
X X1 pY V1 Z 71
f f f f f f (U(t' a, ﬁ’ ]/) - vl(]-) a, ﬂr )/)) dydzldﬁdyld]/dxl
Xo “Xo “YYo“YYo YZo YZo

f u(s,apB,v)visap,y)dydz,dfdy,dads
Z

f v2(s,a,B,y) dydz,dBdadx,ds
Z,

0 “Zo 0

18



Y Y1 rZ
j f f j v(s,a,B,y)w(s,a,B,y)) dydBdy,dadx,ds
X0 “Yo Uy Z

0

o

+
= o~
5%
&
§ <

1
J p(s,a,B,v) dydz,dBdadx,ds
Z,

Zo 0

t ry V1 (Z
—f f v(s,x,B,y) dydz,dfdy,ds
1 z

Yo “Yo “Zo “Zo
t rx Z rZq
f f f f v(s,a,y,y)dydz;dadx,ds
1 Jxo Yxo “zo V2o

<

N

Xo “Xo Yo

= L
T

R
T

V1
f v(s,a,B,z) dfdy; dadx,ds
Yo

I;j (u,v,w,p) =

w
x Y V1 rZ 21
_]- _[ _]- f J- J- (W(t' @, '8’ )/) - Wl(lr a, )81 y)) dVdZ1d,3dy1d)/dx1
Xo “Xo “Yo“YYo “YZo YZo

t rx Yy
) )
1 “x0 Yo

Y1 zZ rzy
j j j w (s, a, B, Y)W (s, @ B,y) dydz,dBdy, dads
y

Zo “Zo

o

+

x

t rx rx py Z rZq
f f f f f v(s,apB,y)w(s ap,y)dydz,dfdadx,ds
Xo YXo Yo ¥Zo YZo
t X1 Y V1 (2
+ f f f f f f wi(s,a,B,y) dydBdy,dadx,ds
Xo “Xo YYo “Yo “Zo
t X X1 y Y1 z
+f J- j f f j p(s,a,B,y)dydBdy,dadx,ds
1 X Yo Zy

0 “Xo Yo

o

t rY V1 rZ Z1
— J- j f w(s, x,B,y) dydz,dfdy,ds
Yo “Yo YZo YZo

[

x

zZ

t
J- j fj w(s,a,y,y)dydz,dadx,ds
Xo YXo

Zo Y Zo

t Y
f f f f w(s,a,B,z) dfdy, dadx;ds
Xo YXo

Yo “Yo

[

=

o
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ij (u,v,w,p) =

t X pY Y1 0Z 21
f f f f f f u(s,a,B,y)dydz, dBdy,dads
1 Jxo“y0 Y0 Y20 Yz

0 0
t rX X1 ry Z rZq
+f f f f f f v (s,a,pB,y)dydz,dfdadx,ds
1 JYx9 Yx Zy YZ

0 “Xo “YoYZo “Zo
y

t rx px
“J 1]
1 Yxo Yxo vy

Z rZq
f w(s,a,B,y)dydBdy,dadx;ds.
Z

0 “YZo 0

We note that after we differentiate with respect to t and twice with respect to x,
y and z the system

17 (wv,w,p) =0, I (uv,w,p)=0, (3.9)
I;j (u,v,w,p) =0, ij (u,v,w,p) =0,
we get the system (3.8). After we put t=1 in Ilzj= 0 and differentiate

twice in x, y and z the equation Ilzj= 0 we obtain

u(Lxyz)=ui(lxyz) in D;.
After we put t=1in 122j= 0 and differentiate twice in x, y and z the equation
122j= 0 we obtain

v(1,xy,z) =vi(Lxy,2) in D;.

After we put t=11in I; =0 and differentiate twice in x, y and z the

equation I§j= 0 we obtain
w(1,xy,z) =wi(1,xy,z) in D;.

Consequently every solution (w,v,w,p) € (C1([1,2],Co*(D;)))* of (3.9) is a
solution of the problem (3.8).

~2
LetX be aequicontinuous family of functions of the space

{g € C*([1,2], Co* (D)), subPxy.2 g <Dy}

with respect to the norm

[1f]] = max { maxce[1,2],(xy.20e0; |[f(tx),2) |,
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maxte(1,2),(xy.2)ep |fe(t,x,y,7)],

maxe[1,2],(xy,2)eD; |[fx(£,X),Z)|, maxee[1,2],xy2)eD; |[fx(txY,2)|,

maxce[1,2],(xy2)eD; |[(6XY,2)|, maxee[1,2]xy2)eD; |[fy(txy,2)|,

maxte(1,2),(xy2)eb |f2(6X,y,2) |, maxee(1,2)xy2ep;|fz(t,xy,2) |,

fexe
and

2

~ 2
X = U {ul(t,x, ,Z), 171( (t,X,y,Z), Wl( (t;X; ,Z)},

=Y

_ ~2
X? = X ,ie, X%is the completion of X , and

> |

X2 ={f ex:|Ifll £ Mj=——}
22,/u(Dj)

And
Y2 ={f eX*|IfIl < (A+e) My}

Note that X2 is a compact subset of Y 2.

For u,v,w,p € Y2we define the operators
Slzj (u,v,w,p) =-€Eu +€ Ilzj, lej (wv,w,p) =1+ €e)u,
SZZj (u,v,w,p) =-€Ev +€ 122j, TZZj (wvwp)=(1+e€)v,
S32j (u,v,w,p) =-Ew +€ 132j, T32j (wvw,p) =1+ e)w,
Sfj (u,v,w,p) = -Ep +€ Iij, T42j (wvwp)=(1+e€)p,
s¥ =(sy sy, sy sy o= Y Y T,
For u,v,w,p € X2 we have that S%(u,v,w,p) €Y 2 i=123,4,1i.e,

S2J:: X% x X% x X2 xX?%2 5 Y2x Y2x Y2x Y2

and it is continuous.

The operator
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T2 : X2 x X2 x X2 xX% > Y2x Y2x Y2x Y2

is an expansive operator with constant 1+ € > 1and if (u,v,w,p) €
Y2xY2xY2xY2 then

(1 1 L L P)E X%x X?x X%?x X2,

u, U, w,
1+€ '1+e€ '1+e '1+€

and

1 1 1

2j 1 1 1 1 2j 1
T u v w T u v w
( 1 (1+e ’1+€ ’1+€ '1+ep)’ 2 (1+e "1+€e ’1+4€ ’1+ep)

ngj(lulv1W1p),T42j(1u1v1W1p))

1+€ "14€ '1+€ 1+4€ 1+€ ’14+€ '14+4€ ’1+€
= (u,v,w,p).
Consequently T%: X2 xX2 xX2xX2 - Y2xY2xY2xY2is onto.

From here and from Theorem 2.3, it follows that the operator T% +S% has a
fixed point (u2,v2,waz,p2) in X2 xX2 xX2x X2, For it we have

2j 2j
le(uz;vz'WZ;Pz)‘*‘ Slj(uz'vz;WZ'Pz): U,
2j 2j

T, (uy, vy, wy, )+ S, (uy, vy, wy, p) = vy
2j 2j

Ty  (uy, vy, wy, p) + S50 (uy, vy, wy, p2) = W,

2j 2j
T4](u2, vy, Wy, D)t 54](112; Uy, Wy, D2) = D

Or,
((I4+€) uy— € up + 17 (uy, vy, Wy, p) = Uy
{ A+e)v,—€ v, +122j(u2, Uy, Wy, Dp) = Uy
|(I+€)w, — € w, +I§j(u2, Uy, Wy, DPp) = Wy
k(1+E)P2—E P2 +Ifj(u2: Vy, Wa, D2) = D2,
Whereupon

112](“'2'172:W2:P2)= 0, 122](112: Vy, Wy, P2) = 0
I?(“z;vz'wz;Pz):O' Ifj(uz'vz;wz;Pz): 0

Therefore (uzv2,w2,p2) is a solution of the system (3.8) for which uz,
v2, w2, p2 € C1([1,2], Co2(D))).
We note that

u,(Lxy,z) = u, (Lxy,2),
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v1(Lxy,z) = vy (Lxy,2),
wi1(Lxy,2) = w, (Lxy,2),

pl(]"xl lZ) = pZ (1IXI IZ);

whereupon

uix(1,xy,z) = u2x(1,x),2),
vix(1,xy,2) = vax(1,x,2),
wix(1,x),2) = wax(1,x),2),
pix(Lxy,z) = p2x(1,x),2),
uy(1,xy,z) = uz(1,xy,2),
viy(1,xy,2z) = vay(1,x,2),
wiy(1,xy,z) = way(1,xy,2),
py(Lxy,z) = p2y(1,x,),2),
uiz(1,xy,z) = u2:(1,x,y,2),
viz(1,xy,2) = v2z(1,x),2),
wiz(1,xY,2) = w22(1,x),2),
p1z(1,xy,2) = p22(1,x),2),
uixx(1,xY,2) = u2xx(1,xy,2),
vi(1,x,2) = voxx(1,x,),2),
wix(1,x,2) = waxx(1,x),2),
pixx(1,xy,2) = p2xx(1,x,y,2),
uy(Lxy,2) = uzyy(1,x,2),
viy(Lxy,z) = vayy(1,x,2),
wiy(Lxy,z) = way(1xy,2),
puy(Lxy,z) = p2yy(Lxy,2),

uizz(1,x,y,z) = u2zz(1,xy,2),
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vizz(1,x,),2) = v2zz(1,x,),2),

wizz(1,x,),2) = wazz(1,x),2),

p1zz(1,x),2) = p2z2(1,x),2).
Hence and (2.2), (2.4), we get

uie(1,xy,z) = u2e(1,xy,2),

vie(1L,xy,2) = v2e(1,x,),2),

wid(1,xy,2z) = w2e(1,x),2),

p1(1,xy,2) = p2e(1,x,y,2).

Consequently

(u(txyz)v(txyz)w(txyz)p(txyz)) =

{(ul(t,x,y,z),vl(t,x,y,z),Wl(t,x,y,z),pl(t,x,y,z)) € (Cl([O,l],COZ(D])))4
(uz(t,x,y,z),vz(t,x,y,z),Wz(t,x,y,z),pz(t,x,y,z)) € (Cl([l,Z],COZ(D])))4

belongs to (C1([0,2], Co*(D;))) * and it is a solution to the problem

(U, + (uz)x + (uv)y + (W), + Pr — Uy — Uyy — Uzz =
ve + (uv), + (vz)y + (vw), + Py — Uxx — Vyy — VUzz = 0
we + (uw), + (vw)y + (Wz)z T Pz — Wy — Wyy — Wy, =
) U+ v, + w, =0 in (0,2] X Dj,
u(0,x,y,2) = uo (x,y,2), v(0,x,y,2)= vy (x,y,2),
w(0,x,y,2z) = wo (x,y,2z) in D.

\

Then we consider the problem
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((uy + (uz)x + (uv)y + (uw); + Py — Upx — Uyy — Uzz = 0

ve+ () + 3y + (W), + Py — Uyy — Uy — vy = 0
we + (uw), + (vw)y + (Wz)z + Dy — Wi — Wy — Wy, =0
) U+ v, + w,=0 in (23] x D,

ul2,x,y,z) = u, 2,x,5,2), v(2,x,y,z) = v, (2,x,y,2),
w(2xyz)= wy,(2,x,y,z) in D;

\
and as above we construct a solution

(u3, v3,ws,p3) € (C*([2,3], Coz(Dj))) *
and so on. Consequently

(W(txy,z),V(txyz),w(txyz),p(txyz))

((w(ﬁx,y,Z),U1(t,x,y,Z),W1(t,x,y12),P1(t,x,y,Z)) € (C*([0,1], Co*(D))*
(u2(t,%,,2), v2(t, %, ¥, 2), wa (L, ,,2), 2(t, %, ,2)) € (C*([1,2], Co* (D)))*
1 (us(t,x,,2),v3(t, x,y,2), ws(t, x,,2), 3(t, %, ¥,2)) € (C*([2,3],Co*(D))*
k(u4(t, X,9,2),v4(t,%,y,2), wa(t, X, 9,2), pa(t, %,¥,2)) € (C*([3,4], Co” (DNN)*

belongs to (C1([0,00),Co?%(Dj)))*and it is a solution to the problem
(3.2).

Note that
suppu/, suppv/, suppw/, suppp’c Djc Dj  for any  j=1,2,.

and then

a_ j a. j a.. j a. j
(Dtxyz u]'Dtxyz v];DtxyZ W]JDtxyz p])|6Dj

= a, j+1 a,,j+1 a.j+1 a, j+!
- (Dtxyz w ) Dtxyz v/ ’ Dtxyz w/ ) Dtxyz p] ) |6D 41
]

for any a = (ao, a1, a2, a3), ao, a1, a2, as €{0,1,...}. Also,
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(( ul, vl, Wl) pl) € (Cz([OJ oo), COZ(Dl)))4
(u?,v2,w?,p?) € (C2([0, ), Co?(D,)))*
(wwp) =1 (u?,v3,w?,p?) € (C2([0, ), Co?(Dy)))*

is a solution to the problem (1.1) which belongs to the space (C%([0,00) xR3))*.
Using the system (1.1) we have that (u,v,w,p) € (C*([0,00) xR3))%

Therefore
suppu, suppv, suppw, suppp € Di11U D22 U ....

Also,

[ lultx,y, D)2 dxdydz = 532, f, |w(6.%,7,2)? dxdydz < TS
[ vty D) dxdydz =57, [, |9/ (tx,y,2)|* dx dydz < 2;11% <
Jps Wt x,y,2)|?dxdydz =372, [ |W1(t x,y,z)|*dx dydz < ¥, —

JralP(t 2y, 2)|* dx dydz =372, [, 19/ (tx,y,2)|* dxdydz <7 15 <,

This completes the proof

Remark 3.4. We note that in mth step we have

™ (u,v,w,p)

L L L s

— Up-1(m — 1, a,B,y)) dydz,dfdy,dadx,

t X ry n
+f f f f f f u*(s, a, B,v) dydz;dfdy,dads
m—1“x9 Y¥o0 Yo “Zo YZo

x fxo fyjfz fZO u(s, @, B,y)v(s,a B,v)) dydz,dfdadx,ds

LLLL
)

+

0
x Y v

j j J u(s,a,B,y)w(s,a,B,y)) dydBdy,dadx,ds
Xo VX Yo “Yo “Zo

0

t
+

m—1
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Z1
j p(S: a, ﬂl )/) dde:ld,del dads
Z,

0 0

t Y vz
f j J- u(s,x,B,y) dydz;dpdy,ds
Z Z

-1Yy0 Y¥yo 0 “Zo
t x Z 71
f f f u(s,a,y,vy)dydz,dadx,ds
-1 Xo YXo Zg YZg

Yy 1
f f u(s, a, ﬁ; Z) dﬁdyl dadxlds
Z Z

1;’”' (u,v,w,p) =

[LLL e

— Uy (m—1,a,B,y)) dydz,dBdy,dadx,

t X y Y1 zZ Zq
+ f f j j j J u(s,aByvis apB,y)dydz dBdy, dads
m-—1Jx

0 “Yo“YYo YZo “Zo

L1

j J- v2(s,a,B,y) dydz,dfdy,dadx,ds
Zo
t x Y o1
+ f f f f v(s,a,B,yIw(s aB,y)) dydpdy dadx,ds
m-1-Jx¢ Jx Yo “Yo “Zo

0

t X rX1 Y rZ 21
+ f f f f p(sr a, ﬁ; )/) d]/dzldﬂdadxlds
X Z Z

0 0

Z1
f v(s,x,B,y) dydz,dfdy;ds
Z

m—1“yo Yyo YZo YZg

t X X1 rZ Z1
f f f v(sl ay, )/) d]/dzld(ldxlds
b4 Zg Yz

m—-1+Jxg 0 o o

t X X1 0¥ Y1
—f j v(s,a,B,z)dBdy, dadx,ds
X

I (u,v,w,p) =
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LI LS oeess

0 0

— Wpoa(m —1,a,B,y)) dydz,dBdy dydx,

j21u (s,a,B,v)w(s,a,B,y) dydz,dBdy,dads
x jxfyf J' v(s,aB,y)w(sapB,y)dydz;dBdadx,ds

Y1
f _f w?(s,a, B,v) dydfdy,dadx,ds

0 “Xo “Yo “Yo “Zo

t x 1 Y V1
i f f .f f f _f p(s’ a, B, Y) dydfdy;dadx,ds
m-1Jxq9 Yx9 Y¥yo Y¥o YZo

t y Y1 VA
f f W(S) X, ﬁ: )/) d]/ledﬁdylds
Z

I;”j (w,v,w,p) =

t rX rY V1 (Z 22
ffff ff u(s,a,B,y)dydz,dpdy,dads
0 YX07Y0YY0 “Zo 720
t y
+f f f f f f v (s,a,B,y) dydz,dBdadx,ds
Xo YXo Yo 720 YZo

t 1 Y )1
+.f J- ,[ f J- J- w(s,a, B,y) dydpdy dadx,ds
m-1Yx0 “xo Jyo/¥o ‘2o

0

Here (x0,y0,20) € D), j €{1,2,...}.
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