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EXISTENCE, UNIQUENESS AND SMOOTHNESS OF A
SOLUTION FOR 3D NAVIER-STOKES EQUATIONS WITH ANY
SMOOTH INITIAL VELOCITY

ARKADIY TSIONSKIY, MIKHAIL TSIONSKIY

ABSTRACT. Solutions of the Navier-Stokes and Euler equations with initial
conditions for 2D and 3D cases were obtained in the form of converging se-
ries, by an analytical iterative method using Fourier and Laplace transforms in
[28,[29]. There the solutions are infinitely differentiable functions, and for sev-
eral combinations of parameters numerical results are presented. This article
provides a detailed proof of the existence, uniqueness and smoothness of the
solution of the Cauchy problem for the 3D Navier-Stokes equations with any
smooth initial velocity. When the viscosity tends to zero, this proof applies
also to the Euler equations.

1. INTRODUCTION

Many authors have obtained results regarding the Euler and Navier-Stokes equa-
tions. Existence and smoothness of solution for the Navier-Stokes equations in two
dimensions have been known for a long time. Leray (1934) showed that the Navier-
Stokes equations in three dimensional space have a weak solution. Scheffer (1976,
1993) and Shnirelman (1997) obtained weak solution of the Euler equations with
compact support in space-time. Caffarelli, Kohn and Nirenberg (1982) improved
Scheffer’s results, and Lin (1998) simplified the proof of the results by Leray. Many
problems and conjectures about behavior of weak solutions of the Euler and Navier-
Stokes equations are described in the books by Ladyzhenskaya (1969), Temam
(1977), Constantin (2001), Bertozzi and Majda (2002) or Lemarié-Rieusset (2002).

The solution of the Cauchy problem for the 3D Navier-Stokes equations is de-
scribed in this article. We will consider an initial velocity that is infinitely differ-
entiable and decreasing rapidly to zero in infinity. The applied force is assumed to
be identically zero. A solution of the problem will be presented in the following
stages:

First stage (sections 2, 3). We move the non-linear parts of equations to the
right side. Then we solve the system of linear partial differential equations with
constant coefficients. We have obtained the solution of this system using Fourier
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transforms for the space coordinates and Laplace transform for time. From the-
orems about applications of Fourier and Laplace transforms, for system of linear
partial differential equations with constant coefficients, we see that in this case if
initial velocity and applied force are smooth enough functions decreasing in infin-
ity, then the solution of such system is also a smooth function. Corresponding
theorems are presented in Bochner [3], Palamodov [18], Shilov [23], Hormander [9],
Mizohata [1I7], Treves [27]. The result of this stage is an integral equation for the
vector-function of velocity.

Second stage (sections 4, 5). We introduce perfect spaces of functions and
vector-functions (Gel’fand, Chilov [7]), in which we look for the solution of the
problem. We demonstrate the equivalence of solving the Cauchy problem in differ-
ential form and in the form of an integral equation.

Third stage (section 6). We divide all parts of the integral equation by an
appropriate constant depending on value of initial fluid velocity, and obtain the
equivalent integral equation. We also replace the corresponding integration vari-
ables in the integral operators. This newly received equivalent integral equation
allowed us to analyze the Cauchy problem for the 3D Navier-Stokes equations for
any value of initial fluid velocity. According to a priori estimate of the solution
of the Cauchy problem for the 3D Navier-Stokes equations [13] [12], the described
constant is proportional to max of the norms of the initial velocity in the spaces
C? and Ls.

Fourth stage (section 6). We use the newly obtained equivalent integral equa-
tion to prove the existence and uniqueness of the solution of the Cauchy problem in
the time range [0, c0) based on the Caccioppoli-Banach fixed point theorem (Kan-
torovich, Akilov [10], Trenogin [26], Rudin [20], Kirk and Sims [1I], Granas and
Dugundji [8], Ayerbe Toledano, Dominguez Benavides, Lopez Acedo [I]). For this
purpose the following three theorems are proven in this article: Theorem the
integral operator of the problem is a contraction operator; Theorem [6.2} the ex-
istence and uniqueness of the solution of the problem is valid for any ¢ € [0, 00);
Theorem the solution of the problem depends continuously on t.

Fifth stage (section 6). By using a priori estimate of the solution of the Cauchy
problem for the 3D Navier-Stokes equations [I3] [12], we show that the energy of
the whole process has a finite value for any ¢ in [0, 00).

2. MATHEMATICAL SETUP

The Navier-Stokes equations describe the motion of a fluid in RY (N = 3). We
look for a viscous incompressible fluid filling all of RY here. The Navier-Stokes
equations are then given by

ou ol ou dp
k k N
=k = YA, — — 't eRN, t>0,1<k<N, (21
ot 2", T A By, TRt @ (2.1)
N ou
di *:Ej—”:o RN, t>0 2.2
ivu n=1axn MRS , 120U, (2.2)

with initial conditions

i(2,0) =@ (z) xRN, (2.3)
Here i(z,t) = (ux(z,t)) € RY (1 <k < N) is an unknown velocity vector, N = 3;
p(x,t) is an unknown pressure; #°(z) is a given C* divergence-free vector field;
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fi(z,t) are components of a given, externally applied force f(z,t); v is a positive
coefficient of the viscosity (if ¥ = 0 then (2.1)—(2.3]) are the Euler equations); and
A= ij:l % is the Laplacian in the space variables. Equation (2.1)) is Newton’s
law for a fluid element. Equation (2.2)) says that the fluid is incompressible. For
physically reasonable solutions, we accept

0
ug(z,t) — 0, 87;%—)0 as |z o0 1<k<N, 1<n<N. (2.4)

Hence, we will restrict attention to initial conditions #° and force f that satisfy
1094° ()] < Corx (1 +]2))™ % on RY for any o and any K. (2.5)
and

|8§8§f(:c,t)| < Cupr(1+ 2| +6)75 on RY x [0,00) for any a, 3 and any K.
(2.6)
To start the process of solution let us add — Zn 1 Un a“‘“ to both sides of the
equations (|2 . Then we have

aautk— Ak—s—Jrkat ﬁ: zeRN, >0, 1<k<N, (2.7)
dlvufzau"—() reRY, t>0, (2.8)
0xy,
u(a:, 0) =a(z) zeRY, (2.9)
ug(z,t) = 0 g—;‘:—m as|z] o0 1<k<N,1<n<N\, (2.10)
1094°(2)] < Corx (1 +]2))™® on RY for any o and any K, (2.11)
020° ()] < Copre(1+ 2| +1)7% on RY x [0,00) for any a, 3 and any K.
(2.12)
Let us denote
N
Frla,t) = fu(z,t) — Z a—’“ 1<k<N. (2.13)
We can present it in the vector form as
Fa,t) = fla,t) — (@- V). (2.14)

3. SOLUTION OF THE SYSTEM ([2.7)—(2.14])

Let us assume that all operations below are valid. The validity of these operations
will be proved in the next sections. Taking into account our substitution (2.13]) we
see that f are in fact system of linear partial differential equations with
constant coefficients.

The solution of this system will be presented by the following steps:

First step. We use Fourier transform to solve equations (2.7)-(2.14). We
obtain:

Uk}(’yl)’y2a,y37t) = F[Uk(I‘]_,LL’Q,.I'g,t)],
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82“]@(1117 T2,x3, t)

_’ngUk(71,727737t) = F[ o2 ] (use )7

UR (1,72, 73) = Flup (21, 22, 23)],
P(v1,72,73,t) = Flp(z1, 22, 23, 1)],
Fk(71a727’737 t) = F[fk(fﬁ,?ﬂz,xs, t)],
for k,s =1,2,3. Then

Uy (713 V2573, t)

o = —v(71 + 7 +¥3)U1(71,72,73: 1) + i1 P(71, 72, 73, t)
+ Fl(,yl?’y?a’}/?nt)a

dU2(71v727’Y3at) _

dt _V(’Y% + ’Yg + 7§)U2(717725737t) + i’72P(713727’y37t)

+ F2(717’727fy37t)a

dU3(71v72773at) .
I Ta—— —v(v: + 7 + ) Us(11, 72,735 ) + iv3P (71,72, V3, t)

+ F3(71>’727737t)a

YU (715,72, 73, 8) + 72 U2(71, 72,73, ) + 73 Us (71, 72,73, ) = 0,
Ur(71,72,73,0) = U (71,72, 73),
Us (71,72, 73,0) = Us (71,72, 73),
Us(71,72,73,0) = U3 (71,72, 73) -

Hence, we have received a system of linear ordinary differential equations with
constant coefficients - according to Fourier transforms. At the same time
the initial conditions are set only for Fourier transforms of velocity components
Ui(v1,72,73,t), Ua(v1,72,73, t), Us(v1,72,73,t). Because of that we can eliminate
Fourier transform for pressure P(71, 72, V3, t) from equations 7 on the next

step of the solution process.

Second step. From here assuming that v; # 0,72 # 0,v3 # 0, we eliminate

P(71,72,73,1) from equations (1) — (3.3) and find
d
*[U2(71a727’737t) - E U1(717’727’737t)]
dt et
2
—v(vi + 73 +73)[U2(71, 72,73, t) — %U1(71;’Y27’)’3,t)}

+ [F2(717727737t) - %F1(71’72373,t)] ’

d gt
—[Us (71,72, 13, 1) — — U1 (71,72, 13, t)]
dt gl
73
—v(7f + 75 + ) Us(71, 72,73, 1) — %Ul(%w,vs,t)]

~ 3 ~
+ [F3(71a’72773at) - %Fl(’}/lar)ﬁvfy?)at)] 3

UL (71, 72,73, 1) + 72 U2 (71, 72,73, t) + v3 Us(71, 72,73, ) = 0,
Ur (71, 725735 0) = U (71,72, 73),
U2(7177257370) = U20<’715727,y3)7

(3.8)

(3.10)
(3.11)
(3.12)
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Us(71,72,73:0) = U3 (71,72, 73) - (3.13)

Third step. We use Laplace transform ([7.2)), (7.3) for a system of linear or-
dinary differential equations with constant coefficients (3.8)—(3.10) and have as a
result the system of linear algebraic equations with constant coefficients:

U;;@(’YM’Y%’YSJI) = L[Uk(717’727737t)] k= 1)2737 (314)
FI;@(71772773)77) = L[Fk(')/l?’yQa’Y?nt)] k= 1)2737 (315)
Y2
U[U§®(717’72a’73777) - EU?(%”Y%')@»U)]
- [U2(717727’Y3a0) - %Ul(FYl?’YQaFYf%O)]

.., " (3.16)
=—v(¥} + 7 + IS (11,72,73,m) — %Ui@(%ﬁzﬁsaﬁ)}

~ Yo ~
+ [Fg(’Yl,’YZa’Y:sﬂ?) - IFP(’}/I?’YQ)’Y?MT})]?
3
W[U:)(,X)(’Ylv’Yza’YSﬂ?) - IUF('YLV%’Y&U)]

- [U3(71a727’y370) - BUl(,yl,’YQafY?nO)]
A o (3.17)
= _V(IYI +’72 +73)[U?(?(71>727’)’3>77) - IUP(’YD’Y?/)/?”TI)]

~ Y3 =
+ [F?(,g(717’72773777) - IF§(71772773777)]3

NUE (71,792,793, m) + 72 US (71,72, 13:m) + 73 U5 (1, 72,73, 1m) = 0,
Ur(71,72,73,0) = U (71,72, 73),
Uz(71,72,73,0) = U3 (71,72, 73),
Us(71,72,73,0) = U3 (71,72, 73) -

Let us rewrite system of equations (3.16)—(3.18]) in the form

72
m+v(y +73 + 73)]§U£®(%mz,vg,n)

Y2 = ~
[iFF’(%,W,’Y&ﬁ) *Fg(%ﬁzﬁs,ﬁ)}

+ [%U1(71,’72773,0) = Ua(71,72,73,0)],

(3.22)

3
m+v(i+7s + 7§)]%U£®(71,72,737n)

Vs - (3.23)
= [,TjFP(’Ylv’YZ,’Y:SJ?) - F3®(71a727’)/37n)}

+ [%Ul(’yla’y%’%’o) - U3(71772;’737 0)]7

71U£®(71a727737n) + Y2 U£®(717’72,’73377) + 3 U??(71772373777) =0 (324)
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The determinant of this system is

+v(i+7 +93)]2 —In+v(i +93 +3)] 0
A=|ln+v(d +93 +93)]22 0 [+ v(E +3 +13)]
Y2 Y3

i1
Rl ke ke V) ekt e VR
g1
(3.25)
3.18) and/or (3.22)—(3.24) has a

Consequently the system of equations (3.16])—
unique solution. Taking into account formulas (3.19)—(3.21]) we can write this so-

lution in the form

U?(Wh Y2573, 77)
(3 + 3 FY (71,72, 73, m) — 1172 F5 (1,72, 73, 1) — M3 Es (1,72, 78, 1))

(VE+7+3)n+v(v +2+3)]

U{)(71772a 73)
m+v(i+13+13)]°
(3.26)

U?(%vz,vsm)
(3 + D) F5 (71,792,783, m) — 1273 F5 (71,72, 78, 1) — 121 FY (91,72, 73, 1))

(VB +v+3)n+v(E +42 +932)]

Ug(’717’727 73)
m+v(i+13+13)]°
(3.27)

U??(’Vla Y2573, 77)
(V2 + ) EL (71,72, 73, 1m) — V311 FE (1,72, 73, 1) — V3725 (715 ¥25 135 1))

(¥ +v3+3)n+v(E +3+3)]

U:?(%,’Ym 73)
[+ v(E +73 +3)]
(3.28)

Then we use the convolution theorem with the convolution formula (|7.4) and inte-

gral ([7.5)) for (3.26])—(3.28]) to obtain

Ul (717’727 73, t)
t
_ / e (R (t-7)
0

% [(’Y% +’Y§)F1(’Yl,’72,7377) *’71’72132(717’72,’7377) *’7173153(71772,7377)] d
(3 +7+13)

+ 67V(7f+7§+7§)tU10(71a 725 73)7

(3.29)
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Uz(71,72,73: )
t
:/ eV (AR —7)
0
% [(73% +712)F2(71772,737T) — Yoy F3(71, 72,73, 7) — Y21 Fi(71,72,73, 7)) dr

(472 +13%)
+ e—V(’yf+v§+v§)tU§(%’ Y2, 73),

(3.30)
U3(717’727 73, t)

t
_ / eV (AR (-7)
0

" (73 +43) Fs (71, 72,73, T) — ¥ F1 (71,725 73, T) — V372 F2 (71,72, 73, 7)) o
(Z+7v+13)
+ e*V(vfﬂ;“ﬂ?)tUg(,yl’ Y2, 73) -

(3.31)
Using the Fourier inversion formula ([7.1)) we obtain
uy (xla Z2, .133,

242102y (0 +93) F1(71,72, 78, 7))
3/2 ¢ 2 2 2 dr
(2m) (vi +3 +3)

_/ —v(Vi v +3)(t—T) [’7172F2(’Y1,72,73, )+’7173F3(717727’Y3,T)] dr
0 (F +5 +%3)

+ e_l,(»y’f+fy§+7§)tU{)(,yl’ Yo, 73)} e—i(zl'yl+z2’yz+x3'ys) d’71d’72d’73

t
/ / / 3+ [ / —v(7 73 +73) (t=7)
Y (i +5 +13)
X / / / €i(i171+i272+i373)f1 (jl, fg, .’2'3, ’7') d;ﬁld{fgd"f‘ng
— 00 — 00 — 00

« e~ i@+ Tav2+E378) dry1dyadys

t
/ __my [ / eV (AR (-7)
F+2+3)

/ ! EMFEHE%) £ (31 Ty 73, 7) dF ) dTodTsdT

87T3 /
—i( I171+$272+$3V3) d’71d’}/2d’}’3

t
/ / / 7173 [/ e~ YO+ +73) (t=7)
813 71 + ’YQ + '73)
/ / / i@ +I272+E37s) f3 (Z1, %9, %3, T) dT1dZTodZsdr

x e UBmMAT22423%3) gy, dryo iy

/ / / e~ (Yt
87T3
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/ / / 2(T171+rz'yz+rs’ys)u(l)(ml, o, i3) d:ildedjg}
% 671 (x171+w2v2+2373) dfyld»mdrm
= S11(f1) + Si2(f2) + S13(f3) + B(u?) (3.32)
(see Remark m;

u2(9017 Z2,T3,1

/ / / / 71—0—72—0—73)( T) [(7% + 7%)F2(717’727’Y3a7—)] dr
(27) 3/2 (" +93 +13)

_/ v (V22 4A2) (t—T) ovaFa (71,7258, 7) + Y271 Fi (1, 72,73, 7)] dr
0 (7f +73 +3)

+ e—u(»yf+'y§+'y§)tU§)(,yl’ 72773)} e~ imimtzayatasys) dy1dyadys

¢
_ / / / | / VR E-T)
83 (47 + ’73)
X / / / ei(i1w1+i272+5373)f1 ({fl, (fg, .’337 ’7') d{ild{izd"fng

« e~ H@1MFTav2+T373) dyrdyadrys

/ / / OB [ / v ()
87T3 (2 +7+13)
/ / / (@171 +E272+E37s) fz(xl,xg,xg, 7) dE1dTodZsdT

« e~ @1 +T2v2+2373) dyrdryadrys

t
/ / / 7273 [/ o~V 3493 (t-7)
T 8n8 B +13+43)
/ / / i@ +i272+E37s) f3 (Z1, %9, %3, T) dT1dTodZsdT

« e~ i@imtray2tasys) dyrdryadys

+8?/ / / e+t
/ / / e (@171 +E272+3573) 0 5(Z1,Z2,Z3) dx1d$2d$3:|

X e—l (z1v1+z2v2+T373) d’hd’YQd’Yg
= So1(f1) + Saz(f2) + Sea(fz) + B(u3), (3.33)
(see Remark [7.1));

U3($1,$279€37

/ / / / 71+72+,Y3)( )[(’V% +7§)F3(7177277377)] dr
3/2 2 2 2
(27) (i +72 +73)

7/ —v( 22 (t—T) [73’71F1(71,727’Y3, )+’Y3’YQF2(71,72773,T)] dr
0 (F +73 +3)
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+ e—v(fyf+’y§+'y§)tU?())(,y1’ 72,73)} e~ im1mtzaya+osys) dy1dyadys

t
- / / / - / oV E-7)
813 B+B+7)
X / / / 6i<i1v1+i272+i3’ys)f1 (i’l, ‘%2, .’33, ’7') d{fld{izd"fng

« e~ @1 +Tav2+T373) dyrdyadrys

t
/ / / V372 [/ e~ (73 +73) (t=7)
T 83 (V¥ +73+ 73)
/ / / (@171 +E272+E37s) fz(xl,xg,xg, 7) dE1dTodZsdr

% e—l (z171+w272+T373) d’hd’YQd’Yg

t
/ / / (it [ / (22 4AD) (=)

87T3 (2 +73+13)

/ / / el (Z1v1+Z2v2+E373) fg(m, T, T3, 7—) dZ1dTodZsdT

—i(z1y1+T2y2+T373) dyydyadrys

+8?/ / / eVt
/ / / e @17 +E272+3573) 0 3(Z1, T2, T3) d$1d$2d.703:|

—i(z1y1+Z272+2373) dyrdyadrys

= S31(f1) + S32(f2) + Ss3(f3) + B(ul), (3.34)

(see Remark [7.1]).
Here S11(), S12(), S13(), S21(), S22(), S23(), S31(), S32(), S33(), B() are integral

operators, and satisfy

S12() = 521(),  S13() = S31(),  S23() = S32() -

From the three expressions above for wuy, us, us, it follows that the vector « can be
represented as:

sl

i=S f+B-@=S-f-S-(@-V)i+
where f is determined by formula (2.14)).

Here S and B are the matrix integral operators:

A (3.35)

S11 Sz Sisz B 0 0
So1 Saa Sa3 |, 0 B 0
531 532 533 0 0 B

4. SPACES S AND TS

As in [7,[19], we consider the space S of all infinitely differentiable functions ¢(x)
defined in N-dimensional space RV (N = 3), such that these functions tend to 0
as |z| — oo, as well as their derivatives of any order, more rapidly than any power
of 1/|z|.
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To define a topology in the space S let us introduce countable system of norms

el = sup {|z* Dip(x)], [k <p,lql <p} p=0,1,2,..., (4.1)
where
ont- +qNg0(1’)

k k k

D1 =zt Y ——————
k:(klv"'ka)7 q:((ha"'qu)» xk:x’fl""xéﬁv]\lv

ont++an
g N =0,1,2, ... .

= 856({1 ax%\; ) q1, - -

Note that S is a perfect space (complete countably normed space, in which the

bounded sets are compact). The space TS of vector-functions @ is a direct sum of
N perfect spaces S (N = 3) [26]:

TS=S5Sa5aS.

To define a topology in the space TS let us introduce countable system of norms

N N
12, = _lleill, =D _sup {|a" DUpi(@)], [kl <p.lal <p},  (42)
i=1 i=1 7
N =3,p=0,1,2,.... The Fourier transform maps the space S onto the whole

space S, and maps the space T'S onto the whole space T'S 23, [7].

5. EQUIVALENCE OF THE CAUCHY PROBLEM IN DIFFERENTIAL FORM (2.1))—(2.3)
AND IN INTEGRAL FORM

Let us denote solution of (2.1)—(2.3) as {u(z1, z2, x3,t), p(x1, x2, 23, t)}; in other
words let us consider the infinitely differentiable by ¢ € [0,00) vector-function

U(x1, o, x3,t) € TTS'7 and infinitely differentiable function p(x1,x2,x3,t) € S, that

turn equations (2.1) and (2.2) into identities. Vector-function @(x1,z2,x3,t) also
satisfies the initial condition (2.3)) (@°(z1,22,23) € T'S):

ﬁ($1,1’2,$3,t)‘t:0 :ﬂ0($1,$2,$3) (51)

Let us put {i(z1,z2,23,t), p(1, 72, 73,1)} into equations (2.1), (2.2) and apply

Fourier and Laplace transforms to the result identities considering initial condition

. After all required operations (as in sections 2 and 3) we receive that vector-
function @(x1, z2, x3,t) satisfies integral equation

i=S f-8-(@ Vyi+B-a" =8 4 (5.2)
Then the vector-function grad p € TS is defined by equations where vector-
function « is defined by .

Here f_e T_S,_ﬂ’o € T_S and S,
functions S - f, B-@°, S - (@ - V)@
perfect space TS onto T'S.

Going from the other side, let us assume that @(z1, x2,x3,t) € TS is continuous
in t € [0, 00) solution of integral equation (5.2). Integral-operators S;; - (- V)@ are
continuous in ¢ € [0,00) [see (3.32)—(3.34)]. From here we obtain that according to

6-2).

B , SV are matrix integral operators. Vector-
also belong T'S since Fourier transform maps

ﬁ(xlax27x3a0) = ﬁo(xlax27x3)
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also that @(x1,xe,x3,t) is differentiable by ¢t € [0,00). As described before, the

Fourier transform maps the perfect space TS on itself. Hence, {i(x1,x2,x3,t) and
p(x1,x2,z3,t)} is the solution of the Cauchy problem (2.1))—(2.3). From here we

see that solving the Cauchy problem ([2.1))—(2.3) is equivalent to finding continuous
in ¢ € [0, 00) solution of integral equation ({5.2]).

6. THE CACCIOPPOLI-BANACH FIXED POINT PRINCIPLE

See [10] 26, 20, 111, [8, [I]. Further we have fz 0. Let us rewrite integral equation
(5.2) with this condition as
i=-S-(@-V)i+B- i (6.1)

Let us divide all parts of the integral equation (6.1]) by some constant V', that we will
define appropriately below. Then we receive modified integral equation equivalent

to equation (6.1)):

iy = =8y - (@ - Vy)idy + B, - @2 = 8Y (i) (6.2)
here . o
Gy =2 @=L v, =V.V,
v v (6.3)

Tk 1%
xkv:77 Vv =V Vi, Vv:ﬁ, 1<EZN.

The selection of the constant V is based on a priori estimate of the solution of the
Cauchy problem for the Navier-Stokes equations [13| [12]:

@z, < flu®lL, (6.4)

B o \1/2
fal, = ( [ laPa) "
R3

The space of vector-functions TS is divided into two subsets. First subset consists
of the vector-functions “rapidly rapidly” decreasing to zero for |x| — oo. This subset
is defined by the inequality

where

]|, < Blldlc=, (6.5)
where B is a fixed constant. Second subset consists of the vector-functions “rapidly”
decreasing to zero for |z| — co. This subset is defined by the inequality

ldllc2 < Bl .., (6.6)
where B’ is a fixed constant.
N N 2
lillce = luille> = szjquui(ﬂiﬂa N =3.
i=1 i=1 g=0
For the first subset by using appropriate sequence of inequalities [7], , ,
@z, < Blillcs < Klillz, < K[z, < KBl|ud|cs (6.7)
we obtain .
[dllc2 < K[u®]|cz, (6.8)
where K is a constant.
For the second subset by using appropriate sequence of inequalities [7], ,

©-9).

lillc2 < Bl L, < B'[u’]|L, (6.9)
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we obtain
@l < B - [z, - (6.10)
Let us choose the constant V as:
max{K || cz, B'|u0|L,} <V (6.11)
Then we have
Iy lles <1 (6.12)

We can use the fixed point principle to prove existence and uniqueness of the
solution of integral equation .

For this purpose we will operate with the following properties of matrix integral
operator SVV : ~

1. The matrix integral operator SY depends continuously on its parameter

€ [0,00) (based on formulas (3.32)—(3.34))).

2. The matrix integral operator S'y maps vector-functions i, from perfect space
TS onto perfect space TS. This property directly follows from the properties of
Fourier transform ], and the form of integrands of integral operators S;;, B (based
on formulas - Hence in this case we can consider the convergence of
functions from TS not only in countable system of norms . but also in norm
02

3. Matrix integral operator S, is “quadratic”.

4. \|8Y ity —8Y il ||c2 < @y — i, ||c2 for any @, @, € TS (@, # i@,) and
any t € [0,00) (based on properties 1, 2, 3 and formulas (3.32)—(3.34)), (6.12))). The
properties mentioned above allow us to prove that matrix integral operator SY is
a contraction operator.

Theorem 6.1 ([10]). The matriz integral opemtor .S'v maps the perfect space TS
onto the perfect space TS’ and for any 4, € TS (@, # @, ) the condition /
is valid. Then the matriz integral operator Sy is a contraction operator; i.e., the
following condition is true

1Y (@v) = SY (@,)lc2 < a-|lay — @, e (6.13)
where a < 1 and is independent from U, @, € TS for any t € [0, 00).

Proof. By contradiction, let us assume that the opposite is true. Then there exist
such @y, @, € TS (n=1,2,...) and

lim @y, lim @, € TS
n—oo n—oo
that
1SY (@yn) — SY (@yr)lco2 = an - |Tvn — Tpnlloz n=1,2,..5 00 — 1 (6.14)
Then the limiting result in (6.14) would lead to equality
1SY (@) = S (@)l = ll@v — @ |2,

which contradicts condition 4. Hence, g’y is a contraction operator. O

Next, we have the existence and uniqueness of a solution [10].
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Theorem 6.2. Let us consider a contraction operator 5’3 Then there exists the
unique solution @Y of equation (6.2)) in space T'S for any t € [0,00). Also in this
case it is possible to obtain U as a limit of sequence {Uy,}, where

ﬁv,n+1 = Sy(ﬁvn) n:O717"'7

and Uy, = 0.
The rate of conversion of the sequence {Uy,} to the solution can be defined from
the inequality
n

L, a
||uV'rl —UV”CQ S m“uvl _U’VOHC2 n:(),l,... . (615)

Proof. Tt is clear that
Tymir = SY (Tyvn)s  Gyn = SY (Tyn1)-
It follows from that
[y nt1 — tvnllce < - [|@vn — tvn-1]ce.
Using similar inequalities one after another while decreasing n we will obtain
v i1 — tdvnllcz < a™ - |[dv1 — tvolloz.
From this result it follows that
[ty 4t = Uvnllcz < |Gy ntt — Uy npi-tllez + - 4 [Ty ng1 — Gynlle2
< (@ a) || — dvoll e
an
< mllﬁvl — tyol 2.

Because of a™ — 0 for n — oo, the obtained estimate (6.16]) shows that sequence

(6.16)

{t@yn} is a Cauchy sequence. Since the spaceiT_'S is a perfect space, this sequence
converges to an element @, € T'S, such that SY (@@},) has sense. We use inequality

(6.13) again and have:
2 = 5 (@)llcw = 1S (@tva) = ST (@)= < allitvy — T llor n=0.1.2,...

The right part of the above inequality tends to 0 as » — oo and it means that
@y i1 — Sy (@%) and @7, = SY (@ ). In other words, @}, is the solution of equation
2.

Uniqueness of the solution also follows from (6.13)). In fact, if there would exist

another solution w, € THS, then
iy — ity llo> = 1S (i) = SY (@) |lc> < a- |y — iy | 2.

Such situation could happen only if ||@, — @} | c2 =0, or @, = T}

We can also obtain the estimate from estimate as a limiting result
as | — oo. B

Now let us show that continuous dependence of operator SY on t leads to con-
tinuous dependence of the solution of the problem on ¢.

We will say that matrix integral operator SY is continuous in ¢ at a point tg €
[0, 00), if for any sequence {t,} € [0,00) with ¢, — to for n — oo, the following is
true: B B

Sy (ty) — Sy, (@) for any i@, € TS. (6.17)
O
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From Theorem it follows that for any ¢t € [0,00), equation has the
unique solution, which depends on ¢t. Let us denote it as «},. We will say that
solution of equation depends continuously on ¢ at t = tg, if for any sequence
{tn} € [000) with ¢, — to for n — oo, the following is true:

%
— U

ik
u vio

Vin

Next, we have the continuous dependence of the solution on t.

Theorem 6.3 ([10]). Let us consider operator SY, that satisfies condition (6.13) for
anyt € [0,00), where « is independent from t and that operator SY, is continuous in
t at a point ty € [0,00). Then fort =ty the solution of (6.2)) depends continuously
on t.

Proof. Let us consider any t € [0, 00). We will construct the solution @7, of equation
(6.2) as a limit of sequence {y, }:

Uy i1 = Sy, (lyn) n=0,1,...; @yo = (6.18)

Let us rewrite inequality (6.15]) for n = 0:
e 1 ~ ~
a5, — dvollc2 < mlluvl — tvo|c2 (6.19)

Since 0y, = §VVtD (@y4,), because of (6.18) and (6.19) we have

—x —x 1 — — 1 o —x o —x
||th - th[)||C2 S (1 . a) ||UV1 - LLVOHC’2 = WHS\Yt(thO) - S\Yto(uvto)ucz
(6.20)
Now with the help of (6.17)) we obtain the required continuity of i@y for t = t5. O

Following (6.3) and (6.11) we obtain the result:
d=1u,-V, v=uv, Vi (6.21)

Then vector-function Vp € T'S is defined by (2.1) where vector-function # is re-
ceived from equation (6.21). Function p is defined up to an arbitrary constant.

Remark 6.4. From the above statements, it follows that there exists the unique
set of smooth functions uee(7,t), peo(z,t) (i = 1,2,3) R? x [0,00) that satisfies
(2.1), (2:2), (2.3) and

Uoois Poo € C%(R? x [0, 00)), (6.22)

Then, using the inequality |||z, < HJ)HM from (6.4), [13], [12], we have

/ o (@, ) [2dz < C, Wt > 0. (6.23)
R?)

Let us consider ¥ — 0 in integral operator §‘Y . Then we see that Theorems 6.1
are correct also in case of Euler equations; i.e., there exists unique smooth solution
in all time range for this case.
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7. APPENDIX

The Fourier integral can be stated in the forms:

U(Vla%,%) F[ ($1,9€2,I3

z 3/ / / / u(z1, T2, 23)€ 1(71961+’yzx2+’mxa)dxldx2dx3
)

w1, 22, 2) (2r) 3/2 / / / (1,72, 78) € 11 H0222455) oy, dryp g

(7.1)
The Laplace integral is usually stated in the form
(e’ 1 c+ioco
U®(n) = Lu(t)] = / u(t)e "dt  u(t) = o / U®(n)e™dn c> co.
0 i ico
(7.2)
Then
L[/ (t)] = nU® (1) — u(0). (7.3)

The convolution theorem [6l [30] is stated as: If integrals

vpr) = | T ue e UR() = / " ua(ye e

converge absolutely for Ren > o4, then U® (1) = UZ(n)Us’ (n) is Laplace transform
of

u(t) = /0 u(t —7)ug(r)dr (7.4)

A useful Laplace integral is

Llent :/ e~ (=)t gy —
= = o)

Remark 7.1. In the calculations of integrals (3.32)—(3.34]) for components of veloc-
ity w1, ug, us for the inverse Fourier transforms, we have each integrand f(vy1,72,73)
as a pdeUCt of functions X(A/h V25 Wd) and @(71) V25 73)7

f(ﬁ’lﬁzﬂs) = x(71,72,73) - (11,725 73),

where ¢(71,72,73) belongs to space S (functions of v1,72,73) [7] and x(v1,72,73)
is one of the fractions:

Ren > ny (7.5)

(3 +13) (71 72) (71 73)
B+ +73) P+ +3) (F+3+3)
(73 +13) (2 - 73) (" +13)

(P +9+73)" (F+93+13)7 (i +3+93)
These fractions are infinitely differentiable functions for v; # 0, v9 # 0, v3 # 0
with one point of discontinuity 71 = 0, 72 = 0, 73 = 0 (The discontinuities have
finite values at this point).
For these calculations the inverse Fourier transforms are defined as Lebesgue
integrals with Cauchy principal values.

Theorem 7.2. : The inverse Fourier transform of f(y1,72,73) = x(71,72:73) -
©(71,72:73)

Fif = vio) = [ T G0N (9) - () (7.6)
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as function of o belongs to space S (functions of o); i.e., ¥(o) has two criteria:
(1) (o) is infinitely differentiable function,
(2) when |o| — oo, Y(o) tends to 0, as well as its derivatives of any order,
more rapidly than any power of 1/|o|.

Integral in (7.6) admits of differentiation with respect to the parameter o}, since
the integral obtained after formal differentiation remains absolutely convergent:
9¢(0) o
B = / i7" x () () dy (7.7)
gj —oo
The properties of function () permit this differentiation to be continued without
limit. This means that the function (o) is infinitely differentiable (see criterion
1).

To prove criterion 2 we create a function with parameter n:

I S
fa(71,72,73) = ne "OTHEHD X (v, 92, 793) - 0(71, 725 73)

n = 1,2,3.... Then f,(v1,72,73) belongs to space S (functions of v1,72,73).
Then we estimate the integral in formula (7.6]) using the inverse Fourier transform
of fn(7) for |o| >> 0, |o| — oc:

(o) = \/_ e x(v)p(7)dy| < }n/ e10) e ™72 \ ()0 (y)dy

— 00

n>>1,--- < oco. Since f,(71,72,73) belongs to space S (functions of 1,72, 73)
then the inverse Fourier transform of f,(y1,72,73) belongs to space S (functions
of 01,09,03). Hence F|[f,] is the function, such that when |o| — oo this function
tends to 0, as well as its derivatives of any order, more rapidly than any power of
1/|o].

So from formula (7.8), we have that (o) is a function, such that when |o| — oo
this function tends to 0, more rapidly than any power of 1/|o]|.

Then we estimate the integral in formula . Using formula like for
ag‘jj), we obtain that 881!’—(0) tends to 0 more rapidly than any power of 1/|o|. The

9j

properties of function ¢(+y) permit this differentiation to be continued without limit

and further using of formulas like to derivatives leads to the conclusion that

all derivatives of function (o) tend to 0 more rapidly than any power of 1/|c|.
We have proved that (o) belongs to space S (functions of o).
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ADDENDUM POSTED BY THE EDITOR ON DECEMBER 31, 2013

Two anonymous readers informed us that the results in this article are incorrect.

I sent the questions to the authors who answer them, and posted a new version
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of their article in arXiv in September 2013; see reference [2] below. However, the
answers seem to be still erroneous. Here is an extract of our correspondence.

Question 1. The proof of Point 4 page 12 (which is the core of the paper) does
not make sense. I doubt that in the book by Gelfand one find the “appropriate
sequence of inequalities” allowing to control a C? norm by a L? norm.

Answer 1. To improve the estimate of the constant V' we have applied an approach
that avoids the sequence of inequalities. Let us choose the constant V as:

max{[|@ ||z, @ 1., (|l c, + @lz.)} <V

Then we have
iy | <1, |ay| <1

In property 4 of the matrix integral operator S, and in Theorems 6.1-6.3, where
two vector-functions @, and @, are presented, constant V is selected as maximum
between V(@) and V'(@’). In other words we do not use “appropriate sequence of
inequalities” in the new version, see reference [2] below.

Reader’s reply: As V is constant and as # is time-varying, does the inequality
holds on [0;1)? Moreover, the role of V' is still more dubious. Indeed, the aim seems
to ensure that ¢ is bounded by 1. But the role of this boundedness is unclear. It
seems that the author want to use the fact that S is a perfect set (bounded subsets
are relatively compact); but boundedness in S means being bounded for a whole
countable family of semi-norms involving polynomial weights and higher derivatives,
so that the mere boundedness of the modulus of @ does not bear any compactness
property in S.

Question 2. The proof of Theorem 6.1 is false, since u could be equal to u’, leading
to no contradiction with point 4.
Answer 2. Below you can see the condition (@, # @,) in Theorem 6.1.

The matrix integral operator §Y maps the perfect space TS onto the perfect
space TS, and for any Uy, U, € TS (ty, # u,) the condition 4 is valid. Then the
matrix integral operator §V is a contraction operator, i.e. the following condition
is true:

155 -y = ST - @y < a- i — @, (6.13)

where a < 1 and is independent from @, , @, € T'S for any t € [0, c0).

Reader’s reply: The condition @ # 4’ is stated in the assumption of Theorem
6.1. However, the proof uses two limit points of sequences ,, and @, with @ # 4’
and those two limit points may satisfy @ = 4’ and thus the alleged contradiction
is not proved. As a matter of fact, there are a lot of examples of contraction on
compacts spaces that are not strictly contractive: for instance ¢ +— sint on [0, 7/2]:
we have |sint —sint’| < |t — ¢'| when ¢ # ¢/, however there is no @ < 1 such that
|sint —sint'| < aft — ¢| for all ¢t,¢' € [0,7/2] (as the derivative of sint at t = 0
equals 1).

Question 3. The proof of Theorem 6.2 is false: convergence in C? norm of a
sequence of Schwartz functions does not imply that the limit is a Schwartz function
Answer 3. We use || - ||, countable system of norms (4.2) for the property 4 of
the matrix integral operator §V, and in Theorems 6.1-6.3 now. The limit of a
sequence of Schwartz functions is also a Schwartz function by ||-||,-countable system
of norms (4.2).
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Reader’s reply: The convergence in C? norm has been replaced by convergence
in the countable family of norms that define the topology of S. This is better than
in the published version, except that the convergence in those norms is not proved.
The new Theorem 6.1 is false: the assertion that ||SY @, — SY @, |, < ||@v — @ ||,
(condition 4) follows from formulas (3.30)-(3.31)-(3.32) and (6.5) is purely an act
of faith, but not a plausible proof. There is absolutely no scientific reason that this
infinite family of inequalities holds for a providential choice of V.

Question 4. Remark 6.4 is strange. How can we deal the case of the vanishing
viscosity? ~

Answer 4. Let us consider v — 0. We see that integral operator S} and Theorems
6.1-6.3 are correct also in case of Euler equations, i.e. there exists unique smooth
solution in all time range for this case too.

Reader’s reply: The answer that “we see that theorems 6.1, 6.2 and 6.3 are
correct in case of Euler equations” without any further explanations on how we can
see it is meaningless.

Question 5. Theorem 7.2 is incorrect, as a discontinuous function cannot belong
to the Schwartz class

Answer 5. ¢(7) as function of v belongs to space S (functions of ). Le., o(7)
has two properties:

(1) ¢(7) is infinitely differentiable function,

(2) when |y| — o0, ¢(v) tends to 0, as well as its derivatives of any order, more
rapidly than any power of 1/|v|. Function

F(v1.72:73) = x(71,72,73) - @(715 725 73),

does not belong to space S (functions of +) then

X(71,72573)
is the discontinuous function for v = 0. But the inverse Fourier transform of
function f(y1,7v2,7s)

ﬂﬂzwwoz/femW&wwaMW

(o) as function of o belongs to space S (functions of o). ILe., (o) has two
properties:

(1) ¢ (o) is infinitely differentiable function,

(2) when |o| — oo (o) tends to 0, as well as its derivatives of any order, more
rapidly than any power of 1/|o|. We can see the correct proof of two properties (1)
and (2) for ¢(o) in Theorem 7.2.

Reader’s reply: Theorem 7.2 is incorrect. It is a basic fact of the theory of
distributions that the Fourier transform is a bijection of the Schwartz class onto
itself, so that obviously a non-smooth function cannot have an inverse Fourier
transform in the Schwartz class. The author still argues that his proof is correct.
The proof is based on the inequality

| [ xmyar] <af [ 00 G) o) b

which is not proved (and false). As a matter of fact, the inequality is valid for large
n when o is fixed, but is false for large o when n is fixed.

Question 6. What are the main properties of the solution?
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Answer 6. Solution 7@ € T'S and p € S In other words there exists the unique
set of smooth functions e (2, 1), poo(z,t) (i = 1,2,3) on R? x [0, 00) that satisfies
(2.1), (2.2), (2.3), and

Usois Poo € CF(R? x [0, 00)),

Then, using the inequality |||z, < ||@°]|,, we have

/ o (2, ) 2dz < C
RS

for all t > 0, see Fefferman [1], below.

Question 7. I think that (6.7) and (6.9) are wrong (L? never controls C? with
universal constants). After that, the authors get (6.8). From there using Beale-
Kato-Majda they may conclude the global existence. Without (6.7) and (6.9), their
definition of V' makes no sense, as the new V will depend on time.

Answer 7. Instead inequalities (6.5)—(6.12) we choose the constant V as:

max{[|@||cz, [@° 2., (Illc, + @lz.)} <V

Then we have that |@,| < 1, [@%| < 1. (Please see Answer 1.) V is a constant, and
hence is not dependent on time.

Reader’s reply: I do not understand how V can be constant and control the
varying values of .

Thus, the revised version is still totally incorrect. As a matter of fact, it is
well known that generically one cannot have a better decay than O(|z|~%) for the
solutions, so that any attempt to prove a fixed-point theorem in the Schwartz class
for the Navier-Stokes equations can be but a disastrous failure.

Additional references:

[1] C. L. Fefferman; Ezistence and smoothness of the Novier-Stokes equation,
The Clay Mathematics Institute, Official Problem Description.

[2] A. Tsionskiy, M. Tsionskiy; Ezistence, uniqueness and smoothness of solu-
tion for 3D Navier-Stokes equations with any smooth initial velocity,
arXiv:1201.1609v8, September 1, 2013.
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